A study of the λ-and N -atomic configurations under dipolar interaction with 2 modes of electromagnetic radiation is presented. The corresponding quantum phase diagrams are obtained by means of a variational procedure. Both configurations exhibit normal and collective (super-radiant) regimes. While the latter in the λ-configuration divides itself into 2 subregions, corresponding to each of the modes, that in the N -configuration may be divided into 2 or 3 subregions depending on whether the field modes divide the atomic system into 2 separate subsystems or not.
I. INTRODUCTION
The interaction between matter and radiation has been determinant in the study of quantum optics and information science. A simple and useful model was proposed by Dicke [1] , which enhances the cooperative nature of the spontaneous emission from a system of identical atoms. In this model the system suffers a transition from a normal to a superradiant phase [2, 3] . Artificial atoms can be realized as an approximation to real atoms [4] [5] [6] , which exhibits the transition to this superradiant regime [7, 8] .
A first generalization of the model is the consideration of atoms of three or more levels [9] [10] [11] . These allow to consider dipolar interactions with one, two, or more modes of electromagnetic field, and have been extensively studied [9, 10, [12] [13] [14] [15] [16] [17] .
Recently, the generalized Dicke model has been studied to determine the quantum phase diagrams of N a atoms of n-levels interacting dipolarly with modes of electromagnetic field, where each mode promotes transitions only between two given atomic levels [17] . In this work we generalize this study to the case where one mode can connect more than one pair of levels in the particular 4-level atomic configurations λ and N .
The quantum phase diagrams are obtained by means of a variational procedure, which allows for analytical expressions both for the critical variables and the expectation values of the field and matter operators, and confirmed through the exact quantum calculation (even for a value of N a as low as 1).
This paper is organized as follows: Section II describes the Hamiltonian for a system of N a atoms in the 4-level λ and N configurations, under dipolar interaction with 2 modes of electromagnetic field. A transition between a given pair of levels is promoted by only one mode, but one mode may promote transitions between more than * sergio.cordero@nucleares.unam.mx one pair of levels. A variational test function used to calculate the energy surface of the λ system is given in section III, and the ground state is estimated by minimizing it with respect to the field and matter variables. This allows for analytical expressions for the expectation values of the relevant field and matter operators, and the results are compared with the exact quantum solution. The corresponding analysis for the N -configuration is presented in section IV. Section V gives some concluding remarks.
II. MODEL
The full Hamiltonian under the dipolar approximation consists of a diagonal and an interaction contribution. The first is given by
where a † s , a s (s = 1, 2) are the creation and annihilation operators for the mode s; Ω s and ω k for s = 1, 2 and k = 1, . . . , 4 are respectively the field and the atomic level frequencies, and we have adopted the convention ω 1 ≤ ω 2 ≤ ω 3 ≤ ω 4 . The matter operators A jk are the generators of U (4), and for identical particles they may be represented with a bosonic realization A jk = b † j b k . The first order Casimir operator 4 k=1 A kk = N a I represents the total number of atoms in the system, which is a constant of motion.
For the interaction Hamiltonian we have, in general,
where the dipolar strength for the transition ω i ω j has been denoted by µ ij . The upper index s indicates the mode of the electromagnetic field. From Fig.1 one determines the form of the Hamiltonians for each configuration, i.e.,
13 + H
23 + H
24 .
(3b)
III. λ-CONFIGURATION

A. Variational ground state
In order to find the variational energy surface we use as a test function the direct product of coherent states for the field and matter. For the field contribution we take the Heisenberg-Weyl states | α = |α 1 ⊗ |α 2 , and for the matter contribution we take the totally symmetric U (4) coherent states | γ = |γ 1 γ 2 γ 3 γ 4 [18] ,
where C n = e −Na(r 
, and where we have substituted explicitly 1 = 1.
The critical values of the field variables may be obtained immediately,
while those for the matter variables take different values depending on the region in parameter space. The values (7)) and all atoms in their lower state. Substituting these critical values in equation (4) one finds the state |0 F ⊗ |N a , 0, 0, 0 M and the minimum variational energy is
which corresponds to the so-called normal region of the configuration. All other extrema yield a reduction of the λ configuration, as given in what follows:
Reduction of the λ configuration.-When at least one critical value is non-zero the system reduces to subsystems with a lower number of levels [17] . This is schematically shown in Fig. 2 . When finite, the equations for the critical points reduce to those of the 3-level Λ-configuration for ω 1 , ω 2 and ω 3 , interacting dipolarly with one mode (Ω 1 ), for which one may to obtain analytical solutions [13, 14] under the equal detuning (ω 2 = ω 1 ) condition. This system has in turn its normal and collective regions, separated by the curve 4(µ
The minimum energy surface (for equal detuning) is respectively given by E Λnorm = ω 1 and
The state in the normal region is |0 F ⊗ |N a , 0, 0, 0 M , and in the collective region is obtained by substituting in Eq. (4) the critical values for S Λ given in Table I . Further reductions of this configuration to 2 levels give results which are contained in the minima of Λ by restricting oneself to the axes µ 13 = 0 or µ 23 = 0. Following the same procedure [13, 14] , this in turn reduces to 2-level systems:
For η 4 = 0, one gets a 2-level system in the variables η 2 , η 3 , with its normal and collective regions separated by 4 µ 2 23 − (ω 3 − ω 2 )Ω 1 = 0 and minimum energies E 23norm = ω 2 and
The states are |0 F ⊗ |0, N a , 0, 0 M for the normal region, and the corresponding to Eq. (4) when the critical values for S 23 in Table I are substituted. On the other hand by taking the limit η 3 → ∞, a 2-level system in the variables ζ 3 , ζ 4 is obtained, with its normal and collective regions separated by the Maxwell set 4 µ 2 34 − (ω 4 − ω 3 )Ω 2 = 0 and minimum energies E 34norm = ω 3 and
The states are |0 F ⊗ |0, 0, N a , 0 M for the normal region, and the corresponding to Eq. (4) when the critical values for S 34 in Table I are substituted.
Minimum energy surface.-The minimum variational energy surface as a function of the dipolar strengths is then
with the critical values of the Hamiltonian variables in each region shown in Table I . This divides the whole parameter space (µ 13 , µ 23 , µ 34 ) into monochromatic subregions S i , each of which is dominated by a mode of the radiation field, in agreement with [17] . This is shown in Figure 3 for the case of equal detuning ω 1 = ω 2 , where the subindex of S denotes the region where the corresponding energy dominates. In this, the normal region is shown in black and the order of the transitions is also indicated. As known [18] , the 3-level Λ-configuration in the equal detuning has a secondorder transition when the state goes from the normal to collective region S norm S 0 Λ , which is related to the fact that the critical points in the separatrix for this case form bifurcations. In general, both first and second order transitions for S norm S Λ occur [14] . A first order transition occurs both for S norm S 34 and for S (0) Λ S 34 because the critical points along this separatrix form a Maxwell set [17, 19] , and this result remains in the general case S Λ S 34 . The relevant expectation values of the field and matter observables may be calculated from these variational states analytically. These are shown in Table II , where ν i denotes the expectation value of the number of photons of mode Ω i for i = 1, 2, and A kk that of the population of level k, for k = 1, . . . , 4.
B. Quantum ground state
Let us define the operator Π(K) = exp(i π K). Imposing [Π(K), H λ ] = 0 we obtain 3 constants of motion of the system associated to 
These include the total number of atoms K 1 + K 2 + K 3 = N a I, as well as the total number of excitations M = 2K 3 + K 2 = ν 1 + ν 2 + A 33 + 2 A 44 . Note that K 3 corresponds to the total number of excitations of the mode Ω 2 . The basis of the problem is denoted by |ν 1 ν 2 n 1 n 2 n 3 n 4 ; using the operators M , K 3 , and the fact that N a = n 1 + n 2 + n 3 + n 4 , it may be rewritten as
The Hilbert space H of the system is thus divided into four subspaces, for the even and odd values of M and
with minimum energies E ee , E eo , E oe and E oo respectively, and hence the ground quantum energy value is
given by
The calculation is performed by truncating the basis at a value M max of M which guarantees convergence of the lowest eigenvalue E in each Hilbert subspace, and via Eq. (16) we determine the ground state eigenvalue E g and its corresponding eigenvector |φ g .
In order to exemplify we consider the case N a = 1 and evaluate for this ground state the expectation values of the number of photons ν 1 and ν 2 . We confirm the fact that the collective region is divided in monochromatic regions (cf. Fig. 3) , and obtain the results shown in Figure 4 . In sub-figure (a) ν 1 (empty circles) and ν 2 (empty diamonds) are plotted as functions of µ = µ 23 , for µ 13 = µ 34 = 0.25; and ν 1 (continuous line) and ν 2 (dashed line) are plotted as functions of µ = µ 13 , for µ 23 = µ 34 = 0.25. We see that the bulk of the quantum ground state remains in a subspace which only has contribution from the Ω 1 -mode. Sub-figure (b) shows ν 1 (dashed line) and ν 2 (continuous line) for µ 13 = µ 23 = 0.25 as functions of µ 34 . In this region the bulk of the ground state is in a subspace which only has contribution from mode Ω 2 .
IV. N -CONFIGURATION
As a second example we consider 4-level atoms in the N -configuration interacting with two modes of electromagnetic field. We consider the case when the mode Ω 1 promotes transitions between levels 1 3 and 2 4, and the mode Ω 2 promotes transitions between levels 2 3 (cf. Fig. 1 ).
A. Variational ground state
The critical values for the phases θ i , φ ij take the form (6) while those for r 
Following a similar procedure as in the previous example one finds four analytical expressions for the minimum energy surface: Fig. 1 ). The normal region is shown in in black, and the collective region is divided by a separatrix (blue surface), below which the mode Ω1 contributes to the atomic transitions, and above which the mode Ω2 contributes. Further, the region where the mode Ω1 dominates is itself divided by a separatrix (green surface) which determines which of the 2 subsystems is excited. The order of each transition is indicated. The parameters are Ω1 = 1, Ω2 = 0.25, ω1 = 0, ω2 = 0.8, ω3 = 1 and ω4 = 1.9.
where the expressions for the different E ij are valid when 4 µ 2 ij − (ω j − ω i )Ω ≥ 0 is satisfied. In this expression Ω stands for the corresponding mode. The minimum energy surface is given by
The expressions for the energy are associated with the reduction shown in Fig. 5 . E norm corresponds to c i = 0, i = 2, 3, 4. E 13 is obtained by taking successively 4 = 0 and 2 = 0, arriving to 2-levels. Similarly, for E 24 we take 2 → ∞ and η 3 = 0, while E 23 may be obtained following two paths, viz., 4 = 0 and 2 → ∞ or 2 → ∞ and η 4 = 0.
The separatrix defined by the set of values where E norm = E ij and E ij = E lm is shown in figure 6 . The normal region with E v = E norm , the collective regions where E v = E ij , and the order of transitions, are indicated. One may observe that a second order transition is had only for S norm S 13 , and a first order transition for other cases. Once again, the collective region is divided into monochromatic subregions, and the region where the mode Ω 1 dominates is divided into two subregions S 13 and S 24 , each one corresponding to different subsystems of two levels.
The critical values of the Hamiltonian variables in each region are given in Table III , and the relevant expectation values of the field and matter observables calculated from the variational states analytically are displayed in Table IV .
B. Quantum ground state
In the case of the N -configuration, besides N a the constant of motion is the parity of the total number of excitations Π(M ) = exp(i π M ), with
On may then define subspaces which preserve the parity of M (even or odd) and find the minimum energy values E e and E o , respectively. The quantum ground energy will then given by
For N a = 1 the ground state possesses an even parity of M , i.e, E g = E e . As in the variational case (cf. Fig. 6 ), the mode Ω 1 dominates ( ν 1 ν 2 ) in the regions S 13 and S 24 while the mode Ω 2 dominates ( ν 1 ν 2 ) in the region S 23 .
Focusing our attention on the transition S 13 S 24 , where the mode Ω 1 dominates, and using the same parameters as for the variational case, µ 13 = 0.65 and µ 23 = 0.25, we evaluate the expectation value of the number of photons ν 1 and ν 2 as functions of µ 24 . Fig. 7(a) shows a discontinuity in the expectation value of both ν 1 and ν 2 at the transition, due to the fact that the critical points in the separatrix form a Maxwell set. We also calculate the atomic populations for the two 2-level subsystems, A 11 +A 33 and A 22 +A 44 , shown in Fig. 7(b) . In the region S 13 we have A 11 + A 33 ≈ N a (= 1), i.e., the quantum ground state is practically the state of the single subsystem of 2-levels formed by the first and third atomic levels, while in region S 24 it corresponds to the subsystem formed by the second and fourth atomic levels A 22 + A 44 ≈ N a . In other words, the transition in this region is due to the change of excitations in the atomic subsystem, in accordance with the variational calculation.
V. CONCLUSIONS
Two 4-level atomic configurations under dipolar interaction with 2 modes of electromagnetic radiation, viz., the λ-and N configurations, have been shown to present qualitatively different quantum phase diagrams. Both configurations exhibit normal and collective (superradiant) regimes; while the latter in the λ-configuration divides itself into 2 subregions, corresponding to each of the modes, that in the N -configuration may be divided into 2 or 3 subregions depending on whether the field modes divide the atomic system into 2 separate subsystems or not. The quantum phase diagrams are obtained by means of a variational procedure, which allows for analytical expressions both for the critical variables and the expectation values of the field and matter operators, and confirmed through the exact quantum calculation (even for a value of N a as low as 1). 
